We investigate the dynamical and transport features of a Kondo dot side-coupled to a topological superconductor (TS). The Majorana fermion states (MFS) formed at the ends of the TS are found to be able to alter the Kondo physics profoundly: For the ideal setup where the MFS do not overlap (ǫm = 0) a finite dot-MFS coupling (Γm) reduces the unitary-limit value of the linear conductance by exactly a factor 3/4 in the Kondodominant regime (Γm < TK), where TK is the Kondo temperature. In the Majorana-fermion dominant phase (Γm > TK), on the other hand, the spin-split Kondo resonance takes place due to the MFS-induced Zeeman splitting, which is a genuine many-body effect of the strong Coulomb interaction and the topological superconductivity. We find that the original Kondo resonance is fully restored once the MFSs are strongly hybridized (ǫm > Γm). This unusual interaction between the Kondo effect and the MFS can thus serve to detect the Majorana fermions unambiguously and quantify the degree of overlap between the MFSs in the TS. Introduction.-One of the most paradigmatic effects in condensed matter physics is the celebrated Kondo effect. The ground state of a metal that contains magnetic impurities consists of a many-body singlet state where the localized impurities are entangled with the conducting states [1]. The Kondo effect has been observed in manufactured nanostructures such as quantum dots (QDs) [2] [3] [4] [5] [6] [7] , carbon nanotubes [8-10], nanowires [11] , and so on. The great advantage of the observation of the Kondo effect in artificial set-ups is its high tunability and control by means of the application of electrical gates or external fields (e.g., magnetic field, an ac signal) that drives the Kondo state towards nonequilibrium situations [12] [13] [14] [15] . Nevertheless, the Kondo physics can be modified not only externally but also intrinsically by utilizing different type of contacts materials, say, superconducting or ferromagnetic ones [16] [17] [18] [19] [20] [21] .
Since the discovery of the topological materials [22, 23] there has been a large number of proposals for the physical realization of low-energy quasiparticle excitations behaving as Majorana fermions [24] [25] [26] [27] . Recently, Mourik et. al. [28] reported the detection of such quasiparticles in InSb nanowires brought into proximity with a s-wave superconductor in the presence of both magnetic field and spin-orbit interaction [29] [30] [31] . Later on, other groups have also showed signatures of Majorana physics in similar set-ups [32] [33] [34] . Therefore, it is quite natural to think about more intricate scenarios by combining Kondo-like artificial impurities with localized Majorana fermions hosted in topological materials.
The purpose of this work is to analyze a prototypical system to probe the interplay between Kondo and Majorana physics by means of usual transport measurements. The system consists of a quantum dot attached to two normal contacts, in which the Kondo correlations can be developed [35] [36] [37] , and a topological superconductor (TS) [38] [39] [40] [41] whose one end is connected to the QD by a tunneling junction. The TS is float- ing in a sense that it is capacitively connected to a gate and no dc current flows through it. The two normal leads are to serve as probe of the interplay between the Kondo and Majorana physics. In our study not only the deep Kondo regime (previously addressed by an effective noninteracting theory with limited validity [42] ) but also the intermediate regimes where Kondo and Majorana physics are comparable are thoroughtly examined. Our findings indicate that the Kondo physics is dramatically altered depending on the relative strength of (i) the overlap of Majorana fermions states (MFS) (ǫ m ), (ii) the dot-MFS coupling (Γ m ), and (iii) the Kondo temperature (T K ). In the ideal Majorana condition (ǫ m = 0) the half-fermionic anti-Fano resonance due to the MFS reduces the Kondo value of the linear conductance by exactly a factor 3/4 in the Kondodominant regime (Γ m < T K ). In the Majorana-fermion dominant phase (Γ m > T K ), on the other hand, the spin-split Kondo resonance takes place due to the MFS-induced Zeeman splitting, which is a genuine many-body effect of the strong Coulomb interaction and the topological superconduc-tivity. We find that once the MFSs are strongly hybridized (ǫ m > Γ m ) the Kondo effect is unaffected by the MFS as demonstrated below.
Model.-Our system is mapped onto a modified two-fold degenerate Anderson model where the QD state is coupled to two normal-metal contacts and a topological superconducting wire that hosts a pair of MFSs at its ends (see Fig. 1 ). Due to the helical property of such end-states only one of the dot spin orientations (say spin-↓) hybridizes with the fully spinpolarized nearest MFS [38, 43] . The Hamiltonian then reads
where c † ℓkµ creates an electron with momentum k, energy ǫ k , and spin µ in the ℓ = L, R reservoir. Two normal contacts share a same flat-band structure with a half bandwidth D and density of states ρ. The operator d † µ creates an electron with spin µ in dot, and n µ = d † µ d µ is the dot occupation for spin µ. We focus on the case of single orbital level with energy ǫ d and strong Coulomb interaction denoted as U . The superconducting wire, assumed to be in the topological state, has two MFSs, γ 1 and γ 2 at its two ends: the MF operators follow the Clifford algebra {γ i , γ j } = δ ij , where
In terms of ordinary fermionic operator f , they can be written as
In finite-length wires, the two MFSs have a finite overlap between their wavefunctions so that their coupling can lead a finite gap represented by ǫ m . The dot electron hybridizes (i) with the conduction electrons in the contacts with a tunneling amplitude t ℓ , and (ii) with the nearest MFS with a tunneling amplitude t m . Both couplings define the two tunneling rates: Γ ℓ = πρt 2 ℓ , and Γ m = πρ dot t 2 m . Throughout our study, we focus on the Kondo regime,
For a non-perturbative study of the many-body effect, we adopt the well-known numerical renormalization group (NRG) method [44] [45] [46] : one can refer Ref. 47 for a review. For better efficiency, we exploit the symmetries that our system has:
where Q ↑ and P ↓ are charge number operator for spin-↑ electrons and parity operator for the sum Q ↓ of spin-↓ electrons and f electrons, respectively. Note that the QD-MFS hopping changes Q ↓ by even numbers only. For the analysis, we calculate the spec-
, where |n is the many-body eigenstate with energy E n and |0 is the ground state. From the spin-resolved spectral densities the transmission through the dot can be obtained,
, and the linear conductance is G = (2e 2 /h)T (ω = 0). Noninteracting Case (U = 0).-Before addressing the full system we examine simpler cases. In the noninteracting case, the effect of the MFS on the transport can be handled by using the spinless model since the MFS is coupled to spin-↓ electrons only [41] . Therefore, A ↑ (ω), forming a resonance peak of width Γ, is not affected by the QD-MFS coupling. On the other hand, A ↓ (ω) features the destructive interference between spin-↓ electrons and MFS. In the on-resonant case (ǫ d = 0) and for ǫ m = 0 and small t m , the Fano-like anti-resonance leads to a half-dip at ω = 0: πΓA ↓ (0) is reduced from 1 to 1/2. The dip width is comparable with the resonance width Γ m in A m (ω) which is numerically found to be Γ m ≈ πρ dot t 2 m with ρ dot = 1/Γ. As t m increases further (Γ m > Γ), A ↓ (ω) develops two side peaks at ω ∼ ± √ 2t m which come from the hybridization between spin-↓ dot electron and MFS, while πΓA ↓ (0) = 1/2 is maintained due to the zero-energy MFS [41] . Similarly, A m (ω) also exhibits three-peak structure at ω = 0 and ± √ 2t m , while the height πΓ m A m (0) increases with t m . Consequently, the linear conductance G at zero temperature is quantized to e 2 /h + e 2 /2h = 3e 2 /2h as long as ǫ m = 0, which signals the presence of MFS in noninteracting side-coupled nanowire setups.
Isolated QD-MFS System (t ℓ = 0).-Decoupled from the leads, the QD-MFS system can be directly diagonalized even in the presence of Coulomb interaction. It finds 8 eigenstates |q ↑ , p ↓ ; α where q ↑ = 0, 1 and p ↓ = e/o are quantum numbers for Q ↑ and P ↓ and α = u, l. For ǫ m = 0, the even (e) and odd (o) states are degenerate because the MFS is energyless. |1, e/o; l and |0, e/o; l , which would be spindegenerate |↑ and |↓ states at t m = 0, respectively, are now split [see Fig. 1(b) ] with the induced Zeeman splitting
with δ ≡ 2ǫ d + U . This is a genuine combined effect of (i) coupling to the MFS and (ii) the Coulomb interaction, and it is one of our key results. Remarkably, ∆ Z , having the sign opposite to δ, vanishes at the particle-hole symmetry point (δ = 0) since it is generated by dot charge fluctuations in quite analogy to the exchange field induced by ferromagnetic contacts attached to an interacting QD [17, 19] . Upon coupling to the leads, ∆ Z becomes renormalized to ∆ * Z , which is larger than ∆ Z : we have confirmed it by applying the Haldane's scaling theory [48] . It splits the many-body resonance, resulting in profound consequences in the Kondo state, which we will show below.
ǫ m = 0 Case.-We now present our NRG results for the case that the two MFSs do not overlap. At t m = 0 both of A µ (ω) features a Kondo resonance peak centered at ω = 0 with a width T K which is the Kondo temperature:
] [49] . For 0 < Γ m < T K , where Kondo correlations are stronger than the QD-MFS coupling, the physics resembles that of the noninteracting case, see the left panels in Fig. 2 . A ↑ (ω) is intact; the Kondo peak at ω = 0 and two resonance peaks at ω ≈ ǫ d , and ω ≈ ǫ d + U are independent of t m . The Fano-like anti-resonance due to the side-coupled MFS leads to a half-dip in A ↓ (ω), whose width is same as the width Γ m of the Lorentzian-like resonance peak of A m (ω). As in the noninteracting case with ǫ d = 0, the value of A ↓ (ω = 0) is reduced by a half: πΓA ↓ (0) = 1/2. Therefore, the transmission coefficients T (ω) also exhibits a Kondo peak with a dip so that T (ω = 0) = 3/4 and the linear conductance is pinned at G = 3e 2 /2h. The low-energy physics in the Kondo effect can be usually understood in terms of a noninteracting model: a resonant level at ǫ * d = 0 and with a width T K . The observed features above might be predictable in this noninteracting frame. However, one should be very cautious in using the effective theory since t m is found to be strongly renormalized. We numerically found that Kondo effect but also to affect the QD-MFS coupling strongly.
For Γ m > T K , where the QD-MFS coupling is dominant over the Kondo effect, some peculiar features different from those in the noninteracting case arise. Most interestingly, the peak of A ↑ (ω) shifts and get wider with increasing t m : it moves toward positive (negative) frequencies in the electron (hole)-dominant regime, δ>0 (δ<0). Remarkably, in the particle-hole symmetry point, the Kondo peak in A ↑ (ω) remains at ω = 0 and only gets broader. This observation is well consistent with the induced Zeeman splitting previously discussed. The peak position is then identified as the renormalized Zeeman splitting ∆ * Z . We observed a strong renormalization of ∆ Z for smaller t m , see Fig. 3(a) : numerically we found ∆ * Z ≈ 0.55t 1.5 m for ǫ d = −0.2; the constant factor and exponent depend on the system details. The central peak in A ↓ (ω) remains at ω = 0 but gets wider with t m , while πΓA ↓ (ω = 0) is fixed to 1/2. Its width is in par with that of the central peak in A m (ω), reflecting the coupling between them. Note that the side-peak structure in A ↓ (ω) observed in the noninteracting case is missing here. Because of the shift of A ↑ (ω), the transmission coefficients T (ω) also moves its peak with t m , and accordingly its value at ω = 0 decreases. The linear conductance then decreases with t m for Γ m > T K . However, it saturates at larger values of t m since A ↓ (ω = 0) remains unchanged. In the particle-hole symmetric case (∆ * Z = 0), A ↑ does not move with t m so that the linear conductance is quite independent of t m and T (ω) is fixed to 3/4 for wide range of frequencies centered at ω = 0.
The spectral density A zz (ω) of the spin susceptibility shows other evidence of the impact of the MFS on the spin correlation. It has peaks at ω = ±Γ * when the spin fluctuations are enhanced by breaking the spin correlations, see Fig. 3(b) . Hence, Γ * should be related to the spin binding energy. We found that Γ * = T K in the Kondo dominant regime (Γ m < T K ), reflecting the Kondo correlation. In the MFS For smaller overlap (ǫ m < Γ m ) A m is found to retain its Lorentzian-like peak at ω = 0 while its width shrinks abruptly from
Γm as soon as ǫ m becomes finite. It is the combined effect of strong Coulomb interaction and the interference between two energy-split levels |0/1 . The splitting of f levels accordingly affects the dot spectral densities. In the Kondo dominant regime [see Fig. 4(a,c,e) ], while A ↑ is not so affected, A ↓ displays a three peak structure with a central peak of a width ∼ Γ 2 /2h to 2e 2 /h with ǫ m , which should be smoothed at finite temperatures.
In the MFS dominant regime [see Fig. 5 ] the finite ǫ m abolishes the half-fermionic Fano resonance at the Fermi level as wells: πΓA ↓ (ω = 0) is not pinned to 1/2 but larger then 1/2 for any finite value of ǫ m . More precisely, the half-value pinning is retained only in the finite frequencies Γ M m < |ω| < Γ m for ǫ m < Γ m [see Fig. 5(c)] . Instead, the level splitting due to the finite ǫ m produces a peak and a small dip in the opposite sides. The peak formed at ω ≈ ∓Γ m /π for δ ≷ 0 moves toward the higher frequencies with increasing ǫ m until ǫ m ∼ Γ m and returns to ω = 0 as the Kondo physics is revived. The effective Zeeman splitting observed in A ↑ also diminishes with increasing ǫ m : the peak position gradually moves toward ω = 0. Hence, in contrast to the Kondo dominant case, the restoration of the linear conductance to the Kondo value is rather slow so that the full recovery is obtained for ǫ m ≫ Γ m [see Fig. 5(f) ].
Conclusions. -We have investigated the effect of the MFS on the Kondo physics in the side-coupled geometry. Even though the MFS is based on the superconductivity which would suppress the Kondo effect, it is found that the Kondo effect survives the interaction with the MFS in a modified form. We found that coupling to the MFS introduces an electronic way to control the effective Zeeman splitting. In addition, our results show that the energy-resolved transmission through the dot provides an excellent way to examine the properties of MFS and the overlap between the MFSs.
